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ABSTRACT
The present paper is concerned the second-order differential equation -W" + g (x) W = Ap?(X)

W(*)with Neumann boundary conditions. By using the asymptotic solutions we find the
distribution of eigen values of (*) in three turning points.
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INTRODUCTION
Let us consider the boundary values problems of the form
W'+ q (X) W = Ap3(x) W for xel = [0, 1] (1)

where A = p? is the spectral parameter; ¢ and q are real functions. We suppose that
3

$° ()= T(x=x)" g (x) (2)
i=1

where 0<X, <X, <X <1,l,eN,¢,(x)>0 for xel =[0,1] and ¢, is twice continuously
differentiable function on 1 . On other words, ¢*has in three zeros x, ,i=1, 2, 3 of order

l., the zeros x, of ¢ are called turning points. In this paper we obtained the asymptotic
eigenvalues of equation (1) in three turning points case with Neumann conditions
W'(0)=W'(1)=0.

Notations

In the real second-order differential equation

~W+qOOW = Ag2 (X)W for xel=[0,1] 3)
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¢°(x)has in I, there zeros x, of order |, , i=1, 2,3 where, |, iseven, I, isodd and I, is

even. Let £ >0 be fixed sufficiently small and let
D, =[x +e,x,,-¢], 1=1,2 D,, =[x;+¢&,1] (4)

i, =[x te, x;g—e]Vlx—¢, x, JVIX,, , X, €l

[

In [1] distinguished four different type of turning points: for 1<v<m

I if I, isevenand  ¢*(X)(x-x,)" <0 inl,,,
I if I, isevenand  #*(X)(x-x,)" >0 inl,,
T, = (5)
[ if I, isoddand  ¢*(x)(x-x)" <0 inl,,,
IV if 1, isodd and  ¢*(x)(x-x,)" >0 inl ,.

We know from [1] that X, is type of |, x, is type of IV and x, is of type Il .

1

=S 0 =min{y, , p, , psywe know from [1] that the sectors S, is in form of
1

Hi
S,={plargpe [—% , 0]} we use for convenience the abbreviations

[ :1+O(i9).
Jo,

The fundamental system solutions for xe | =[0, 1]

Now, let W(x, A) be the solution of equation(l). The fundamental system of solutions
(FSS) for equation (1), when x, can be represented in the form (see [1] page 219)

since X, is type of I, we have the following FSS for pe S |

If x, be a turning point of type I, then the estimates for W, (x , p) ,W,. (x, p) are obtained
from the corresponding estimates for Wv'l (x, p) 1Wv'2 (x, p) by substituting there in p by

ip. The FSS of (1) forx, that is type ofl whit sector S, are the following form

In this section the FSS of (1) for sector S, ={p|argp e [—% , 0]} are the following form
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1 pj:lw(t)\dt

X)| 2e 1 0<x<X
W, (x, p) = 900 [ ]x ' (5)
' 1 le\(zs(t)\dt
¢(x)| 2 csc e [ X, <X <X,
L p[ gt
X) 2e ™ 1 0<x<Xx
W,, (X, p) = 609 [ ] ' (6)
' 1 ~p| lo(0)[dt
p(x)| zsinzwe [ X, <X <Xy,

The Wronskian of FSS satisfies in following form W(W_,(x, p) ,W,,(x, p)) =-2p[1].

Asymptotic form of the solutionsfor W’'(0) =W'(1) =0

Let us consider the differential equation (1) with following boundary conditions
C(0,2)=1,C'(0, 2)=0. @)

By applying the FSS W, (x, p) , W, (X, p), for xe I, we have

C(x, p)=cW,,(x, p)+cW,,(x, p).
By derivation from C(x , p) we can write

C'(X, p)=CW/, (X, p) +C W, (X, p) for  xel

le*

{C(X , P)=C\W,, (X, p)+CW,, (X, p) - {C(O , P)=CcW,,(0, p)+c,W,,(0, p)=1 ©)

C'(x, p)=cW,(x, p)+CcW,, (X, p) C'(0, p)=cW/,(0, p)+c,W",,(0, p)=0

We infer by using Cramer's rule leads to the following equation

C(X, p) =W,y (X, PWL(0, p)—W,1(0, pW,, (X, p)) ©)
W(p)

Where,W (p) = -2p[1].
Derivative of solutions and asymptotic eigenvalues
Let us consider boundary value problem L, =L, (#°(x),q(x),b) for equation(l) with

boundary conditions

C(0,2)=1,C'(b,A1)=0,C'(0, A)=0 (10) .

The boundary value problem L, for b € (0, x;) has a countable set of positive eigenvalues.
Now for fixed xe (0, x;) and use (5),(6) we determine the connection coefficients
Ti(p) . Ty(p)

C(x, p) =T, (P, +T,(PW,; =C'(X, p) =T, (P, +T, (D)W . (12)
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W, (X, p) = |¢(X)|_;(ep,[xl¢(t)dt [1]]

or,. 0<x<x, = 12)

W,, (X, p) = |¢(X)|_;(e—p,[xl¢(t)dt [1]]

P, oot ], oot

[ +e 1] =W, (x . p)=lp00| 2 A

The derivative of W, (x, p) is following form

Let consider, A=¢

W/ (X p) =((|¢(x)|‘§)'A+|¢(x)|‘3A’]

By use of fundamental theorem the derivative of A is as follow

A = pl(x )|{ el 1]—e'pLz¢‘”"t[1]]=p|¢(x)|s
13)

ePLZW“)““ e—psz $(0)]at

B = - iy

So W/, (x, p) is in following form

W, (x, p) = ((|¢(x)|‘i)'A + p|¢(x)|B] - p(% (B0 2) A+ |¢(x)|B],

C= (|¢(X)|_%)’, D =[p(x)| =Wy, (x, p) = p(%CA+ DB) = (14)

, 1 CA , 1
W/ (X, p) = pDBL+——) =W/ (X, p) = pDB(1+ 0(—)]
p DB P
At last,

W/, (x, p):pDB(1+O(—] plo(x )I( pj o ]—e_pLzW)dt[l]](uo%)]

1 _ X
Similarly the derivative of W,,(x , p) = |¢(x)|_2(e lemdt[l]] is as following form so,

_pfxx2‘¢(t)‘dt pf |¢(0)]dt-

Let us supposeM =e [=M'=—plp(x)e ' [1] = —p|p(x)|M

W, (x,p) = 900 2M
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W, = (90 M +o0) 2= kv -inaloo] - 2psin%(i M - MLj
g (15)

K =902 L=—T900]2 =V, (x,p) = p(ML{l—%(%)j - p(ML>(1+0(%>j
Finally W, (x, p)is in form of

o, loco]at

Wy, (x, p) = —plg(x)| : (e [1])(1 + 0(%)]- (16)

Hence we have estimated the solution of (1) defined by the initial condition (7) and Cramer's

rule to determine the connection coefficients T,(p) , T, (p) with

{C(X » P) =T (P, (X, p) +T, (PIW,, (X, p) - {Tl(p)Wm 0, p)+T,(PIW,,(0, p) =1

17
C'(x, p) =T (PW,} (X, p)+T, (L)W, (X, p) Tl(p)Wlfl(O,p)+T2(p)W'z,1(01p)=0( :

W,, (0, 1 o[ et
Tl(p)zﬁz—lcb(o)lz(e J e )(1+0(%)] 18)
W0, p) ! ol lowjar ~ [ [#(0 1
T(0) =22 o) (e : ](1+0(p>]
T,(p) =$(0)2T, Tu(p) = -Jg(0)] T, (19)

I = ePLM(t)\dt _e—PLl\¢(t)\dt T, = (e—pjxl¢(t)dt—i4[1])(1+O(E)]
P
I, = (ePL1¢(t)dt[1] _ e‘pjxl‘ﬂt)\dt [1]](1+ O(l)]’ r,= (e_PLlW(t)‘dt)
P

VI, (% 0) = —plOOlZT, WA () = pl(X)] 2T (20)

By substituting (20)and (19) in (18) we obtain the leading term as c'(x, p) follows

C'(X, p) = (O TLpp(x)] 2T, - (0)| 2T, p(X)|2T = |$(0)] 2 C,plp(x)| 2T, + Tuplp(x)|2T

1
C'(x, p) =|pO)f2 p(T,L, + 13T, (21).
Now must to determine the value of I,[; and I',I",

Il = (e‘PJ:M(t)\dt )(epj:lﬂt)dt - e—pJ‘:lW(t)\dt [1]](1 s O(i)],
P

nr, = (e 10 [1])(epjﬂ¢mdt _g P ] (1 + o(l)] (22)
P
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By applying C'(x, p) =0, consequently I,[; + I, =0

o[ |g(0)]dt ol lpwla o[l
(e x1 [1]) e x1 _e X1

NG e—pﬁwt)\dt o[ lowlat

[11(e )(e

0 0 0
(t)|dt - (t)|dt (t)|dt
(epv[(l‘¢ ‘ )(e leW ‘ — epv[(l‘¢ ‘ )

)=

20 [ Jp(o)at 29[ b0t

[11(e -)=>1-e

2 j°\¢(t)\dt
P
l-e ®
20 (" 4(0)|dt
e p.[xl‘ ‘ _l p
K
20 (" p)|dt
e p.[xl‘ ‘ _l p

K

1+ O(E)
P

L X =
eleLz‘gﬁ(t)‘dt—lz

K+0(1) =
p

m=-1=2" _1iod)y=kKk=-1-e

:1+O(£):>—:e

-1=K +l+O(l) =e
Je

20 [p(0)at

2pj:2\¢(t)\dt—i% ~

Ln(K i1+ O(E)J —0() = 20" |p(t)dt -~ 2K
p)” p 1 2

20[ p)et

o[ lp)]at g (o]t ol o)
FZFS = _rlr4 = (e le‘ ‘ )(epjxl ‘ [1]_e leW(t)‘ t[l]] N

(23)

(24)

By dividing (24) to the 2 M |¢(t)|dt we obtain the leading term p as follows

2+ 2kn 1 kz + =
pe= o+ O() =Sy
2gle®ldt P [le(0)dt
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